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^ ■ Abstract 

<n : 

One-parameter exactly separable versions of the X(5) and X(5)-/? models, labelled 
as ES-X(5) and ES-X(5)-/? 2 respectively, are derived by using in the Bohr Hamiltonian 
potentials of the form u([3) + u(j)/ ' (3 2 . Unlike X(5), in these models the j3\ and 71 bands 
are treated on equal footing. Spacings within the 71 band are well reproduced by both 
models, while spacings within the (3\ band are well reproduced only by ES-X(5)-/3 2 , for 
which several nuclei with R4/2 = E(4f)/E(2~f) ratios and [normalized to E(2f)] Pi and 71 
bandheads corresponding to the model predictions have been found. 
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1 Introduction 

o ' 

The introduction of the X(5) critical point symmetry [T] has stirred considerable effort in 
studying related special solutions (21 [3], HI [5] of the Bohr collective Hamiltonian [6] , as well 
^ as in identifying nuclei exhibiting experimentally [7J [8] this behaviour, with considerable 
success. However, some open questions remain: 

1) The separation of variables used in X(5) and related models is approximate. In par- 
ticular, a potential of the form u{(3) +u(j) is used, where (3 and 7 are the usual collective 
variables [B]. In the X(5) model pQ an infinite square well potential is used as u((3), while a 
harmonic oscillator potential centered around 7 = is used as ^(7). In the X(5)-/3 2 model 
[5] a harmonic oscillator potential, /3 2 /2, is used as u{(3). Separation of variables is based 
on two approximations: a) the limitation to small angles for 7, b) the replacement of f3 2 by 
its average value (j3 2 ) in the terms involved in the 7-equation. Exact numerical diagonaliza- 
tion of the Bohr Hamiltonian [9], carried out using a recently introduced computationally 
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tractable version [TOl CHI 12] of the Bohr-Mottelson collective model [Bj, pointed out that 
the first approximation is valid for large 7 stiffness, while the second approximation is valid 
for small 7 stiffness. 

2) X(5) [1] and the related X(5)-/3 2 model [5] contain no free parameter (up to overall 
scale factors) in the ground state band and (3 bands, but free parameters appear in the 
7 bands and K = 4 bands. As a result the bandheads of the ground state band and 
the (3 bands, as well as their internal structure, are fixed by the theory without any free 
parameter, while the bandheads of the 7 bands and K = 4 bands contain free parameters. 
It would have been preferable to treat the (3 and 7 bands on equal footing [13]. 

In the present work we try to circumvent these problems by using potentials of the form 
u{(3) + m(7)//5 2 , which are known to lead to exact separation of variables [HI [151 [161 EH]- 
Then the following modifications occur: 

1) The second approximation (replacement of (3 2 by (f3 2 )) is avoided. The first approxi- 
mation, namely the limitation to small angles for 7, is still used, in order to obtain simplified 
solutions of the 7 equation, but it can be a good one if stiffness is kept large [9], which 
indeed turns out to be the case when comparisons to experimental data are performed. 

2) The models obtained in this way contain one free parameter in all bands, the stiffness 
of 7. As a result the relative position of all bandheads and the internal structure of all bands 
is fixed by the theory using one parameter, the (3\ and 71 bands treated on equal footing, 
as it is desirable [T3] . 

Recent studies on critical point symmetries [H [2j [3] have made clear that the relative 
position of bandheads in a nucleus, as well as the internal spacing in each band, are key 
structural features which should be reproduced by a model. The internal spacing of the fl\ 
and 71 bands, relative to that of the ground state band, will be shown to provide a stringent 
test for the various special solutions of the Bohr Hamiltonian. 

The models occuring from the exact separation of variables will be described in Section 
2, while in Section 3 some numerical results and comparisons to experiment will be given. 
Finally, a discussion of the present results and plans for further work will be given in Section 
4. 

2 Spectra 

The original Bohr Hamiltonian [6] is 



where f3 and 7 are the usual collective coordinates, while Qk (k = 1, 2, 3) are the components 
of angular momentum in the intrinsic frame, and B is the mass parameter. 
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One seeks pQ solutions of the relevant Schrodinger equation having the form \I/(/3, 7, 9i) = 
4>k(Pi "d^M K:(@i)i where Oi (i = 1, 2, 3) are the Euler angles, V{6i) denote Wigner functions 
of them, L are the eigenvalues of angular momentum, while M and K are the eigenvalues 
of the projections of angular momentum on the laboratory-fixed z-axis and the body-fixed 
z'-axis respectively. 

As pointed out in Ref. |T], in the case in which the potential has a minimum around 
7 = one can write the angular momentum term of Eq. (TTT) in the form 
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Using this result in the Schrodinger equation corresponding to the Hamiltonian of Eq. 
([Tj), introducing [1] reduced energies e = 2BE/h 2 and reduced potentials w = 2BV/h 2 , 
and assuming that the reduced potential can be separated into two terms of the form 
u(P,j) = u(P) + m(7)//5 2 , as in Refs. [TU [T51 [323 HZ], the Schrodinger equation can be 
separated into two equations 
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Eq. (HI) for 7^0 can be treated as in Ref. p.], considering a potential of the form 
u (l) = (3c) 2 7 2 /2 and expanding in powers of 7. Then Eq. (j4j) takes the form 
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^(7) = ^Vk(i), 
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with e 7 = A + The solution is given in terms of Laguerre polynomials [T] 



(3c)(ra 7 + l), n 



0,1,2,.... 



n 7 = 0, if = 0; ra 7 = l, = ±2; n 7 = 2, X = 0, ±4; 

ri^Al) = a,^7 |X/2| e- (3ch2/2 Lf /2| (3c 7 2 ), n = (n 7 - |tf/2|)/2. ( 
Eq. is then solved exactly for the case in which is an infinite well potential 



(6) 
(7) 



u(P) 



if P < p w 
00 for p > Pw 



(9) 



Setting [Tj £(/3) = /3 3//2 £(/3), e = H, and z = one obtains the Bessel equation 
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with 
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_J + _ + 3c ( n7 + i). 



From the boundary condition — 

e/3 ;s ,L = (k s ,L) 



the energy eigenvalues are then [T] 

2 j_ %s,L 
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where x s> l is the s-th zero of the Bessel function J u {k s ,Ll3), while the relevant eigenfunctions 



are 



where C s ^ are normalization constants. For K — one has L — 0, 2, 4, 
7^ one obtains L = K,K+1, K + 2, ... 
The full wave function reads 

*(/?,7,0i) = ^,L/9- 3/2 J,(A; s , L /3)r /n7 ^( 7 )^(^), 
and should be properly symmetrized [1] 

*C9,7,ft) = ^ [^(/3,7)^(^) + (-1) L+X 0l,-^/,^(^) 



(13) 
while for 



(14) 
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Bands occuring in this model, characterized by (s, n 7 ), include the ground state band 
(1,0), the /?i-band (2,0), the 71-band (1,1), the first K = 4 band (1,2). The relative 
position of all levels depends on the single parameter c. Therefore the main difference 
between the present model and X(5) is that in the present model all bands are fixed by 
the single parameter c, while in X(5) the ground state band and the other n 7 = bands 
are fixed in a parameter-free way, but the bandheads of the n 7 7^ bands depend on free 
parameters. 

In Ref. [18] a variant of the X(5) model has been considered, in which during the 
separation of variables the term K 2 /3 has been kept in the /3-equation, while in Ref. pQ 
this term has been put in the 7-equation. This choice leads to different results (different 
expression for u, in particular) when the method of Refs. [H [18] is followed, but it makes 
no difference in the present approach. 

Eq. ([3]) is exactly soluble also in the case in which u(f3) = /3 2 /2. In this case, which is 
analogous to the X(5)-/3 2 model [5], the eigenfunctions are [19] 



2n\ 



1/2 



(3 a L a n + H(3 2 )e-P 2 / 2 , 



T (n + a+ I) 

where T(n) stands for the T-function, L^(z) denotes the Laguerre polynomials, and 

3 ^ l L(L+l)-K 2 9 < " " < ~ 
a = ~2 V 3 4 
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while the energy eigenvalues are 



5 L(L + 1) - K 2 9 
E n: L = 2n + a + — = 2n + 1 + y — ^ + - + 3c(ri 7 + 1), n = 0,l,2,... (18) 

In the above, n is the usual oscillator quantum number. A formal correspondence 
between the energy levels of the X(5) analogue and the present X(5)-/3 2 analogue can be 
established through the relation 

n = s-l. (19) 

It should be remembered, however, that the origin of the two quantum numbers is different, 
s labelling the order of a zero of a Bessel function and n labelling the number of zeros of a 
Laguerre polynomial. In the present notation, the ground state band corresponds to s = 1 
(n = 0). For the energy states the notation E s> l = E n+1L of Ref. [1] will be kept. 
On the present approach the following general comments apply. 

a) The use of a potential of the form u{j3) + ^(7)/ '/3 2 , instead of a potential of the form 
u(/3) + u(j) [as in X(5) and X(5)-/3 2 ] leads to exact separation of variables instead of an 
approximate one [HJ HSl EE EH]- As a result, no (3 2 factors appear in the 7-equation, and 
therefore the approximation of replacing (3 2 by its average value, (/3 2 ), used in X(5) and 
X(5)-/3 2 , is avoided. Exact numerical diagonalizations [9] of the Bohr Hamiltonian have 
demonstrated that this approximation is valid only for small 7 stiffness. This requirement 
is removed in the present case. 

b) However, the treatment of the 7-equation in the present approach is based on the 
same approximation of small 7 angles also used in the X(5) and X(5)-/3 2 models. The 
potential (3c) 2 7 2 /2 used here is the lowest order approximation for small 7 to the potential 
c 2 (l — cos 37), which has also been used in Ref. [2D]. It should be reminded that the 
dependence on cos 37 results from the symmetry requirements [6] of the Bohr Hamiltonian, 
explicitly listed in Ref. [21]. A two-dimensional oscillator in 7, similar to the one obtained 
here, has also been obtained in Ref. [20] in the limit of large 7 stiffness (large c in the 
present notation). The exact numerical diagonalizations of the Bohr Hamiltonian carried 
out in Ref. [9] consistently demonstrated that the small angle approximation for 7 is good 
for large 7 stiffness, which in the present models can be achieved, since the requirement of 
small 7 stiffness is not present any more, as discussed in point a). In Sec. 3 we shall see that 
experimental data are reproduced for values of c of order 10, corresponding to (3c) 2 ~ 900. 

c) Small oscillations in 7 around the zero value, corresponding to axially deformed 
prolate shapes, have also been considered in Ref. [22], leading to the conclusion that K 
can be considered as a good quantum number either if 7 is fixed to zero, or if the nucleus 
is strongly deformed. In Sec. 3 we shall see that good agreement with experimental data 
is obtained for nuclei with R4/2 = E(Af) / 'E(2~l) > 3.15, i.e. for nuclei which are well 
deformed. 
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3 Numerical results and comparison to experiment 



Numerical results for the present models, referred to as exactly separable X(5) [ES-X(5)] 
and exactly separable X(5)-f3 2 [ES-X(5)-/3 2 ] respectively, are shown in Table 1, together 
with results for several other models, including X(5) [TJ, exact numerical diagonalization of 
the Bohr Hamiltonian [9] (labelled by "Caprio"), X(5)-/? 2n (n = 1,2,3,4) [5J, X(5) with a 
Davidson potential 

<P) = P 2 + (20) 



where (3q is the minimum of the potential jl], labelled as X(5)-D. The collective quantities 
reported in Table 1 include the ground state band ratio i? 4 / 2 = E(4f)/E(2f), the bandheads 
of the Pi and 71 bands, E(0p~) and E(2+), normalized to E(2f), the spacings within the Pi 
band relative to these of the ground state band 

E(2+) - E(0+) g(g) - ff(2+) 

~ E{2f) ' Ri ' 2 ^ 9 ~ E{Ai) - E(2t) ' (21) 



and the spacing within the 71 band relative to that of the ground state band 

_ £(4+) - E(2+) 



Experimental values for the energy ratios R2,o,p,g, Ri,2,p,g, and #4,2,7,3 are snown i n Fig- 1 
for all nuclei with A > 50 (excluding magic and semimagic nuclei). The following comments 
can be made: 

1) From Fig. l(a),(b) it is clear that the majority of nuclei exhibit ratios i?2,o,/3,g and 
#4,2,/3,g close to 1 or slightly below it, indicating that the spacings within the P\ band are 
similar to the spacings within the ground state band, as expected for a band displaced 
from the ground state band by one quantum of f3 vibration. Ratios exactly equal to 1 
are provided by the X(5)-/3 2 , ES-X(5)-/? 2 , and X(5)-D models, guaranteed by the P 2 term 
present in the relevant potentials. X(5) gives values of 1.8 and 1.7 respectively, the well 
known point of disagreement with experimental ratios by a factor close to 2 (71 18]. The 
exact numerical diagonalization of Ref. [9] provides similar or higher values, while ES-X(5) 
gives values around 1.5 . The X(5)-/5 4 , X(5)-/5 6 , and X(5)-/3 8 models interpolate between 
X(5)-/3 2 and X(5), as expected, since higher powers of P 2n closer approximate the infinite 
well potential. 

2) The above observations can be understood in the following way. It is known that 
the problem of overprediction of the spacing within the Pi band by X(5) can be resolved 
by replacing the infinite well potential in P by a potential with sloped walls [2J. The com- 
bination of the five- dimensional centrifugal term with the sloped well provides a potential 
with a minimum, resembling the Davidson potential of Eq. ( 1201) as well as the sum of a 
harmonic oscillator potential and a centrifugal term. 
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3) From Fig. 1(c) it is clear that the majority of nuclei exhibit ratios R^-ys close to 1, 
indicating that the spacings within the 71 band are similar to the spacings within the ground 
state band. Among the models of Table 1, X(5), X(5)-/? 2n , as well as X(5)-D, provide values 
slightly higher than 1, the ES-X(5) and ES-X(5)-/3 2 models give values slightly lower than 
1, while the exact numerical diagonalization of Ref. [9] is in between. It is interesting that 
in the X(5)-D model for large parameter values, the spacing within the 71 band becomes 
the same as within the ground state band and the (3\ bands, as expected in the SU(3) limit. 

From the above observations it is expected that the one- parameter ES-X(5)-/? 2 and X(5)- 
D models, as well as X(5)-/3 2 , are more appropriate for reproducing the correct spacings 
within the f3\ and 71 bands. However, the position of the bandheads is also important. 
It is then reasonable to look for nuclei for which a model can closely reproduce the R4/2 
ratio, characterizing the development of the ground state band, but also the development 
of the j3\ and 71 bands, according to the systematics of Fig. 1, as well as the normalized 
bandheads E(0p/E{2f) and E(2+)/E{2f). A search of all even nuclei with Z > 50, for 
which sufficient data exist [23], provided the results shown in Table 2. 18 examples have 
been found for ES-X(5)-/9 2 , as well as 4 examples for ES-X(5). 

The basic difference between ES-X(5)-/3 2 and ES-X(5) is shown in Table 3, where the 
ground state, (3\ and 71 bands of 156 Gd, a good example of ES-X(5)-/3 2 , and 162 Dy, a 
good example of ES-X(5), are shown. In the first case the agreement between theory and 
experiment remains good in all three bands up to high angular momenta, while in the 
second case this holds only for the ground state and 71 bands, the theoretical Pi band 
diverging from the data with increasing angular momentum. 

A final remark concerning the physical content of the models developed here, based on 
the potential of the form u{(3) + u(j)//3 2 p~U [15J, [161 EJ- As already remarked in Ref. 
[14|, one expects 7 stability to increase with deformation. This is corroborated by the 
results shown in Table 2, where it is clear that c is increasing with R4/2, indicating that 
^(7) is becoming more and more steep with increasing deformation, restricting the nucleus 
to 7 values very close to zero. As a result, the present models are applicable to strongly 
deformed nuclei close to axial symmetry. 

4 Discussion 

In summary, exactly separable one-parameter versions of the X(5) and X(5)-/3 2 models, 
labelled as ES-X(5) and ES-X(5)-/3 2 , have been derived, by using potentials of the form 
u(/3) + u(j)/ ' (3 2 . Unlike X(5), in these models the (3\ and 71 bands are treated on equal 
footing. The spacings within the 71 band are in agreement to experimental evidence in both 
models, while the spacings within the f3\ band are reproduced correctly only by ES-X(5)-/? 2 . 
Several nuclei for which the R4/2 ratio, as well as the normalized positions of the (3\ and 71 
bandheads are closely reproduced by ES-X(5)-/3 2 have been identified. A detailed study of 
the complete level schemes of these nuclei, including B(E2) transition rates, is deferred to 
a longer publication. 
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Figures 




Figure 1: Experimental data for the energy ratios R2,o,p, g [Eq. ff2Tl) ] (a), R^2,/3, g [Eq. fl2Tl) ] 
(b), and R4,2,-y, g [Eq- (1221) ] (c). For each ratio, all nuclei with A > 50 (excluding magic and 
semimagic nuclei) for which sufficient experimental data (taken from Ref. [22]) exist, have 
been taken into account. 
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Table 1: The key collective quantities R4/2 = E(4f)/E(2f), normalized (3\ bandhead 
E(0+)/E(2f) (labelled as 0j/2|), normalized 71 bandhead E(2+)/E(2f) (labelled as 
2+/2f), spacings of the j3i band relative to the ground state band R2,o,/3, g [Eq. (12TI) ] and 
[Eq- ( |2T|) ]. as well as spacing of the 71 band relative to the ground state band 
Ri,2^ g [Eq. (J22D] are listed for different models, including X(5)-(3 2n [5], X(5) % X(5)-D 
[1], Caprio's exact numerical diagonalization of the Bohr Hamiltonian and the present 
exactly separable analogues of X(5) [ES-X(5)] and X(5)-/3 2 [ES-X(5)-/3 2 ]. Parameter values, 
if present, are listed in the column "Par", using the definition and symbol of the relevant 
original publication. The notation "par" indicates that the corresponding quantity depends 
on an additional free parameter. 



model 


Par 


-R4/2 


0J/2+ 


2+/2| 


R^,0,/3,g 


R<l,2,P,9 




X(5)-/? 2 




2.646 


3.562 


par 


1.000 


1.000 


1.132 


X(5)-/3 4 




2.769 


4.352 


par 


1.250 


1.205 


1.101 


X(5)-/3 6 




2.824 


4.816 


par 


1.416 


1.344 


1.089 


X(5)-/3 8 




2.852 


5.091 


par 


1.528 


1.441 


1.083 


X(5) 




2.904 


5.649 


par 


1.801 


1.701 


1.071 


X(5)-D 


A> 
















0.0 


2.646 


3.562 


par 


1.000 


1.000 


1.131 




1.0 


2.756 


4.094 


par 


1.000 


1.000 


1.108 




1.5 


2.978 


5.756 


par 


1.000 


1.000 


1.064 




2.0 


3.156 


8.772 


par 


1.000 


1.000 


1.031 




5.0 


3.327 


50.130 


par 


1.000 


1.000 


1.001 


Caprio 


a 
















0. 


2.20 


3.03 


2.20 


1.77 


0.31 


1.16 




200. 


2.76 


5.66 


6.09 


2.31 


1.74 


1.15 




400. 


3.02 


8.37 


10.12 


2.19 


1.76 


1.04 




600. 


3.12 


10.26 


13.42 


2.00 


1.79 


0.95 




800. 


3.17 


11.71 


16.19 


1.91 


1.70 


1.00 




1000. 


3.20 


12.89 


18.66 


1.84 


1.69 


0.97 


ES-X(5) 


c 
















2.0 


3.166 


10.298 


3.166 


1.649 


1.606 


0.929 




4.0 


3.234 


13.643 


5.955 


1.579 


1.552 


0.909 




6.0 


3.264 


16.451 


8.764 


1.534 


1.515 


0.904 




8.3 


3.283 


19.292 


12.013 


1.497 


1.484 


0.903 




10.0 


3.292 


21.210 


14.423 


1.477 


1.465 


0.904 




12.0 


3.299 


23.317 


17.266 


1.456 


1.447 


0.905 




13.7 


3.304 


25.012 


19.692 


1.442 


1.433 


0.906 


ES-X(5)-/3 2 


c 
















2.0 


3.006 


6.074 


3.006 


1.000 


1.000 


0.852 




4.0 


3.117 


7.806 


5.516 


1.000 


1.000 


0.796 




6.0 


3.171 


9.217 


8.011 


1.000 


1.000 


0.771 




8.0 


3.204 


10.439 


10.502 


1.000 


1.000 


0.757 




10.0 


3.225 


11.531 


12.991 


1.000 


1.000 


0.749 




12.0 


3.241 


12.529 


15.478 


1.000 


1.000 


0.742 




14.0 


3.252 


13.453 


17.965 


1.000 


1.000 


0.738 



Table 2: Comparison of theoretical predictions of the exactly separable analogue of the 
X(5)-/9 2 model [ES-X(5)-/3 2 ] (upper part) and of the exactly separable analogue of the X(5) 
model [ES-X(5)] (lower part) to experimental i? 4 / 2 = E(Af) / ' E{2l) ratios, as well as to 
experimental /3% and 71 bandheads, normalized to the 2f state and labelled by 0^/2f and 
2+ /2f respectively. All data have been taken from Ref. [23] • 



nucleus 


7 J) 

-K4/2 
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Table 3: Comparison of the predictions of the exactly separable analogue of the X(5)-/3 2 
model [ES-X(5)-/3 2 ] (with c = 10.0) to the experimental spectrum of 156 Gd |23j (upper 
part), and of the predictions of the exactly separable analogue of X(5) [ES-X(5)] (with 
c = 7.6) to the experimental spectrum of 162 Dy [23] (lower part). The energy levels of the 
ground state band (gsb), the j3 x band, and the 71 band are normalized to the 2f level. 
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